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Measure space
Let (Ω,Σ,μ) a measure space such that 0 < μ(A) < 1 < μ(B) < ∞ for some A, B ∈ Σ .
Under some natural conditions on the bijective functions ϕ,ϕ1,ϕ2,ψ,ψ1,ψ2 : (0,∞) →
(0,∞) we prove that if
ψ
( ∫
Ω(x+y)
ϕ ◦ (x+ y)dμ
)
ψ1
( ∫
Ω(x)
ϕ1 ◦ xdμ
)
+ ψ2
( ∫
Ω(y)
ϕ2 ◦ ydμ
)
for all nonnegative μ-integrable simple functions x,y : Ω →R (where Ω(x) stands for the
support of x, then there exists a real p 1 such that
ϕ(t)
ϕ(1)
= ϕi(t)
ϕi(1)
= t p, ψ(t)
ψ(1)
= ψi(t)
ψi(1)
= t1/p, i = 1,2.
Some generalizations and relevant results for the reversed inequality are also presented.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let (Ω,Σ,μ) be a measure space. Let S = S(Ω,Σ,μ) denote the linear real space of all μ-integrable simple functions
x : Ω →R and S+ = {x ∈ S: x 0}. For x ∈ S put
Ω(x) := {ω ∈ Ω: x(ω) = 0}.
For two arbitrarily ﬁxed bijections ϕ,ψ : (0,∞) → (0,∞), the functional Pϕ,ψ : S → [0,∞) given by the formula
Pϕ,ψ (x) :=
{
ψ(
∫
Ω(x) ϕ ◦ |x|dμ) if dμ(Ω(x)) > 0,
0 if dμ(Ω(x)) = 0,
is correctly deﬁned. Moreover Pϕ,ψ becomes the Lp-norm if ϕ(t) = ϕ(1)t p and ψ = ϕ−1 for some p  1.
Note that a weak form of the Minkowski inequality can be written as the implication: If ϕ(t) = ϕ(1)t p and ψ = ϕ−1 for
some p  1 then
Pϕ,ϕ−1(x+ y) Pϕ,ϕ−1(x) + Pϕ,ϕ−1(y), x, y ∈ S+(Ω,Σ,μ). (M)
Answering to a natural question, in our earlier paper [2], under additional assumptions that ϕ(0) = 0 and ϕ−1 is continuous
at 0, we have shown that the converse implication holds if, and only if, there are A, B ∈ Σ such that
0 < μ(A) < 1 < μ(B) < ∞. (1)
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that (1) holds true and ϕ,ϕ1,ϕ2,ψ,ψ1,ψ2 : (0,∞) → (0,∞) are bijective, ψ is increasing, and such that
ψ1 ◦ ϕ1(s) + ψ2 ◦ ϕ2(t)ψ ◦ ϕ(s + t), s, t > 0. (2)
Then
Pϕ,ψ (x+ y) Pϕ1,ψ1 (x) + Pϕ2,ψ2 (y), x,y ∈ S+, (∗)
if, and only if, there exists a real p  1 such that
ϕ(t)
ϕ(1)
= ϕi(t)
ϕi(1)
= t p, ψ(t)
ψ(1)
= ψi(t)
ψi(1)
= t1/p, i = 1,2, t > 0.
This converse of Minkowski’s inequality theorem generalizes the result of [2] where a very special case ϕ1 = ϕ2 = ϕ,
ψ1 = ψ2 = ψ =: ϕ−1 (with only one unknown function) was considered. Note that in this case inequality (2) is satisﬁed
with equality. The main result of [9], where the case ϕ1 = ϕ2 = ϕ, ψ1 = ψ2 = ψ was examined, is also generalized.
Inequality (∗) is obtained from (M) by replacing in each place ϕ and its inverse ϕ−1 by an arbitrary bijection. Inequal-
ity (∗) can be called a “Pexiderization” of inequality (M) as, for the ﬁrst time, an analogous procedure was applied in 1993
by J.V. Pexider [11] for the Cauchy functional equation. Similarly, inequality (2) can be referred to as the “Pexiderization” of
the superadditivity condition.
The ﬁnite dimensional counterparts of (∗) and the reversed inequalities are also considered.
Condition (1) plays here a crucial role. If a measure space fails to satisfy this condition, then there are some broad
classes of non-power functions ϕ for which even the functional Pϕ,ϕ−1 satisﬁes the triangle inequality. Condition (2) is also
indispensable.
2. Some lemmas
We need the following (cf. [5] and [8]):
Lemma 1. Let real numbers a,b such that 0 < a < 1 < a + b be ﬁxed. Then a function f : (0,∞) →R such that
lim sup
t→0+
f (t) 0
satisﬁes the inequality
f (as + bt) af (s) + bf (t), s, t > 0,
if, and only if, f (t) = f (1)t for all t > 0.
Applying this lemma we obtain (cf. [5]):
Lemma 2. Let real numbers a,b such that 0 < a < 1 < a + b be ﬁxed. If a function F : (0,∞)2 →R satisﬁes the inequality
F (ax1 + bx2,ay1 + by2) aF (x1, y1) + bF (x2, y2), x1, x2, y1, y2 > 0,
and the condition
lim sup
t→0+
F (tx, ty) 0, x, y > 0,
then F is positively homogeneous, i.e.
F (tx, ty) = t F (x, y), t, x, y > 0.
Proof. Let us ﬁx x, y > 0 and deﬁne f : (0,∞) →R by f (t) := F (tx, ty). From the assumed inequality we have
f (as + bt) = F ((as + bt)x, (as + bt)y)= F (a(sx) + b(tx),a(sy) + b(ty))
 aF (sx, sy) + bF (tx, ty) = af (s) + bf (t)
for all s, t > 0, and the result follows from Lemma 1. 
Remark 1. A ﬁnite dimensional counterpart of lemma is also true (cf. [5, Theorem 2], and [8]). Let a positive integer n  2
and real numbers a,b such that 0 < a < 1 < a + b be ﬁxed. If F : (0,∞)n →R satisﬁes the condition
lim sup F (tx1, . . . , tn) 0, x1, . . . , xn > 0,
t→0+
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F (ax1 + by1, . . . ,axn + byn) aF (x1, . . . , xn) + bF (y1, . . . , yn)
then
F (tx1, . . . , txn) = t F (x1, . . . , xn), t, x1, . . . , xn > 0.
Lemma 3. (See [3,7].) If ψ : (0,∞) → (0,∞) is subadditive, one-to-one, and limt→0 ψ(t) = 0, then ψ is increasing and continuous.
3. Main results
Denote by χA the characteristic function of a set A ⊂ Ω.
Theorem 1. Let (Ω,Σ,μ) be a measure space such that there are two sets A, B ∈ Σ satisfying the condition
0 < μ(A) < 1 < μ(B) < ∞. (1)
Suppose that ϕ,ϕ1,ϕ2,ψ,ψ1,ψ2 : (0,∞) → (0,∞) are bijective functions, ψ is strictly increasing and
ψ1 ◦ ϕ1(s) + ψ2 ◦ ϕ2(t)ψ ◦ ϕ(s + t), s, t > 0. (2)
Then the following conditions are equivalent:
(i) the functions ϕ,ϕ1,ϕ2,ψ,ψ1,ψ2 satisfy the inequality
Pϕ,ψ (x+ y) Pϕ1,ψ1 (x) + Pϕ2,ψ2 (y), x,y ∈ S+(A, B), (3)
where S+(A, B) := {x1χA + x2χB\A ∈ S+: x1, x2 > 0};
(ii) there is a real p  1 such that
ϕ(t)
ϕ(1)
= ϕi(t)
ϕi(1)
= t p, ψ(t)
ψ(1)
= ψi(t)
ψi(1)
= t1/p, i = 1,2, t > 0,
and
ψ(1)
[
ϕ(1)
]1/p ψi(1)[ϕi(1)]1/p, i = 1,2;
(iii) there is a real p  1 such that
Pϕ,ψ (x)
ψ(1)ϕ(1)
= Pϕ1,ψ1 (x)
ψ1(1)ϕ1(1)
= Pϕ2,ψ2 (x)
ψ2(1)ϕ2(1)
=
( ∫
Ω
|x|p dμ
)1/p
, x ∈ S,
and
ψ(1)
[
ϕ(1)
]1/p = ψi(1)[ϕi(1)]1/p, i = 1,2;
(iv) the functions ϕ,ϕ1,ϕ2,ψ,ψ1,ψ2 satisfy the triangle inequality
Pϕ,ψ (x+ y) Pϕ1,ψ1 (x) + Pϕ2,ψ2(y), x, y ∈ S.
Proof. To show the implication (i) ⇒ (ii) suppose that (i) holds true and put a := μ(A), b := μ(B \ A). Then, by (1),
0 < a < 1 < a + b.
Setting
x := x1χA + x2χB\A, y := y1χA + y2χB\A, x1, x2, y1, y2 > 0,
in inequality (3) we get, for all x1, x2, y1, y2 > 0,
ψ
(
aϕ(x1 + y1) + bϕ(x2 + y2)
)
ψ1
(
aϕ1(x1) + bϕ1(x2)
)+ ψ2(aϕ2(y1) + bϕ2(y2)). (4)
Replacing xi by ϕ
−1
1 (xi), yi by ϕ
−1
2 (yi) for i = 1,2, and making use of the strict increasing monotonicity of ψ, we obtain,
for all x1, x2, y1, y2 > 0,
aϕ
(
ϕ−11 (x1) + ϕ−12 (y1)
)+ bϕ(ϕ−11 (x2) + ϕ−12 (y2))ψ−1(ψ1(ax1 + bx2) + ψ2(ay1 + by2)). (5)
From (2) we have
ψ1
(
ϕ1(s)
)+ ψ2(ϕ2(t))ψ(ϕ(s + t)), s, t > 0.
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−1
2 (t), and making use of the increasing monotonicity of ψ, we can write this inequality in
the following equivalent form
ψ−1
(
ψ1(s) + ψ2(t)
)
 ϕ
(
ϕ−11 (s) + ϕ−12 (t)
)
, s, t > 0. (6)
This inequality and (5) imply that, for all x1, x2, y1, y2 > 0,
aψ−1
(
ψ1(x1) + ψ2(y1)
)+ bψ−1(ψ1(x2) + ψ2(y2))ψ−1(ψ1(ax1 + bx2) + ψ2(ay1 + by2)),
which proves that the function F : (0,∞)2 → (0,∞) deﬁned by
F (x, y) := ψ−1(ψ1(x) + ψ2(y)), x, y > 0,
satisﬁes the inequality
aF (x1, y1) + bF (x2, y2) F (ax1 + bx2,ay1 + by2), x1, x2, y1, y2 > 0.
By Lemma 2 the function F is positively homogeneous, i.e.
ψ−1
(
ψ1(tx) + ψ2(ty)
)= tψ−1(ψ1(x) + ψ2(y)), t, x, y > 0.
Replacing x by ψ−11 (u) and y by ψ
−1
2 (v), we hence get
ψ−1
(
ψ1
(
tψ−11 (u)
)+ ψ2(tψ−12 (v)))= tψ−1(u + v), t,u, v > 0,
whence
ψ1
(
tψ−11 (u)
)+ ψ2(tψ−12 (v))= ψ(tψ−1(u + v)), t,u, v > 0.
Putting
ft := ψ ◦
(
tψ−1
)
, gt := ψ1 ◦
(
tψ−11
)
, ht := ψ2 ◦
(
tψ−12
)
, t > 0,
we hence get the following Pexider functional equation
ft(u + v) = gt(u) + ht(v), u, v, t > 0.
According to a known result (cf. [1, p. 44, Theorem 12]), for each t > 0, there are: An additive function At : (0,∞) →R and
some real constants αt and βt such that
ft(u) = At(u) + αt + βt , gt(u) = At(u) + αt , ht(u) = At(u) + βt
for all u, v, t > 0. (Obviously, the functions At and αt , βt ∈R are uniquely determined.) Since the functions ft , gt , ht (t > 0)
map bijectively (0,∞) onto itself, we infer that, for every t > 0, the additive function At is continuous and αt = βt = 0.
Consequently, for every t > 0, there is a uniquely determined m(t) > 0 such that
ft(u) = gt(u) = ht(u) =m(t)u, u, t > 0,
which, by the deﬁnitions of ft , gt , ht means that
ψ
(
tψ−1(u)
)= ψ1(tψ−11 (u))= ψ2(tψ−12 (u))=m(t)u, u, t > 0. (7)
In particular we have
ψ
(
tψ−1(u)
)=m(t)u, u, t > 0, (8)
whence, for all s, t,u > 0,
m(st)u = ψ(stψ−1(u))= [ψ ◦ (sψ−1)] ◦ ψ ◦ (tψ−1)(u) =m(s)m(t)u.
Setting here u = 1 gives
m(st) =m(s)m(t), s, t > 0,
that is the function m : (0,∞) → (0,∞) is multiplicative. As ψ is an increasing homeomorphism of (0,∞) and, by (8),
m(t) = ψ(tψ−1(1)), t > 0,
we conclude that m is also an increasing homeomorphism of (0,∞). Consequently,
m(t) = tq, t > 0, (9)
for some q > 0. Setting u = ψ(1) in (8), we hence get
ψ(t) = ψ(1)tq, t > 0.
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ψ1
(
tψ−11 (u)
)= tqu, ψ2(tψ−12 (u))= tqu, u, t > 0,
whence, setting respectively, u = ψ1(1) and u = ψ2(1), we obtain
ψ1(t) = ψ1(1)tq, ψ2(t) = ψ2(1)tq, t > 0,
Now we determine the functions ϕ, ϕ1 and ϕ2. Setting x2 = x1 := s and y2 = y1 := t in (5) we obtain
(a + b)ϕ(ϕ−11 (s) + ϕ−12 (t))ψ−1(ψ1((a + b)s)+ ψ2((a + b)t))
and, consequently,
ϕ
(
ϕ−11 (s) + ϕ−12 (t)
)

(
c1s
q + c2tq
)1/q
, s, t > 0,
where
c1 := ψ1(1)
ψ(1)
, c2 := ψ2(1)
ψ(1)
.
On the other hand, from (6), we have(
c1s
q + c2tq
)1/q  ϕ(ϕ−11 (s) + ϕ−12 (t)), s, t > 0.
Thus (
c1s
q + c2tq
)1/q = ϕ(ϕ−11 (s) + ϕ−12 (t)), s, t > 0,
whence[
ϕ(s + t)]q = c1[ϕ1(s)]q + c2[ϕ2(t)]q, s, t > 0.
Putting
f (t) := [ϕ(t)]q, g(t) := c1[ϕ1(t)]q, h(t) := c2[ϕ2(t)]q, t > 0, (10)
we can write this equation in the form
f (s + t) = g(s) + h(t), s, t > 0.
Applying again Theorem 12 from [1, p. 44], we infer that there exist: an additive function A :R→R and some real constant
α and β such that
f (t) = A(t) + α + β, g(t) = A(t) + α, h(t) = A(t) + β, t > 0.
The functions f , g , being bijections of (0,∞), are bounded below. It follows that the additive function A must be linear,
that is
A(t) =mt, t > 0,
for some m > 0 and, obviously, α = β = 0. Thus
f (t) = g(t) = h(t) =mt, t > 0.
Therefore, by the deﬁnitions (10) of the functions f , g and h we get
ϕ(t) = ϕ(1)t p, ϕ1(t) = ϕ1(t)t p, ϕ2(t) = ϕ2(1)t p, t > 0,
where
p := 1
q
.
Substituting the obtained functions in (4) and then making some obvious changes of variables, we get
ψ(1)
[
ϕ(1)
]1/p[
(x1 + y1)p + (x2 + y2)p
]1/p ψ1(1)[ϕ1(1)]1/p(xp1 + xp2)1/p + ψ2(1)[ϕ2(1)]1/p(yp1 + yp2)1/p
for all x1, x2, y1, y2 > 0. Hence, letting y1 → 0 and y2 → 0, we conclude that
ψ(1)
[
ϕ(1)
]1/p ψ1(1)[ϕ1(1)]1/p,
and, letting x1 → 0 and x2 → 0, we infer that
ψ(1)
[
ϕ(1)
]1/p ψ2(1)[ϕ2(1)]1/p .
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ψ1(1)
[
ϕ1(1)s
p]1/p + ψ2(1)[ϕ2(1)t p]1/p ψ(1)[ϕ(1)(s + t)p]1/p, s, t > 0,
and letting t → 0 and then s → 0 results
ψi(1)
[
ϕi(1)
]1/p ψ(1)[ϕ(1)]1/p for i = 1,2,
respectively. This completes the proof of the implication (i) ⇒ (ii).
The implications (ii)⇒ (iii) and (iv) ⇒ (i) are obvious and (iii) ⇒ (iv) follows from the Minkowski inequality. 
As an immediate consequence of Theorem 1 we obtain
Corollary 1. Let (Ω,Σ,μ) be a measure space with two sets A, B ∈ Σ satisfying condition (1). Suppose that ϕ,ϕ1,ϕ2,ψ,ψ1,ψ2 :
(0,∞) → (0,∞) are bijective, ψ is strictly increasing and condition (2) is satisﬁed. If
Pϕ,ψ (x+ y) Pϕ1,ψ1 (x) + Pϕ2,ψ2 (y), x,y ∈ S+,
then there is a real p  1 such that
ϕ(t)
ϕ(1)
= ϕi(t)
ϕi(1)
= t p, ψ(t)
ψ(1)
= ψi(t)
ψi(1)
= t1/p, i = 1,2, t > 0.
Applying this corollary we prove the following
Theorem 2. Let (Ω,Σ,μ) be a measure space with two sets A, B ∈ Σ such that
0 < μ(A) < 1 < μ(B) < ∞.
Suppose that ϕ,ϕ1,ϕ2 : (0,∞) → (0,∞) are bijective functions and ϕ is strictly increasing. Then
Pϕ,ϕ−1(x+ y) Pϕ1,ϕ−11 (x) + Pϕ2,ϕ−12 (y), x,y ∈ S+,
if, and only if, there is a real p  1 such that
ϕ(t) = ϕ(1)t p, ϕ1(t) = ϕ1(1)t p, ϕ2(t) = ϕ2(1)t p, t > 0. (11)
Proof. Put ψ := ϕ−1, ψ1 := ϕ−11 , ψ2 := ϕ−12 . Then ψ is continuous, strictly increasing, and
ψ1 ◦ ϕ1(s) + ψ2 ◦ ϕ2(t) = s + t = ψ ◦ ϕ(s + t), s, t > 0,
that is condition (2) is satisﬁed. By Corollary 1, the functions ϕ,ϕ1,ϕ2 must be of the form (11). Moreover, we have
ψ(1)
[
ϕ(1)
]1/p = ψi(1)[ϕi(1)]1/p = 1, i = 1,2.
Now the result follows from Theorem 1. 
Since the extension of Lemma 2 holds true for n variables (cf. Remark 1), the n-dimensional counterpart of Theorem 1
(as well as each of the above results) remains valid and the proof is analogous. In particular we have
Theorem 3. Let (Ω,Σ,μ) be a measure space with two sets A, B ∈ Σ such that
0 < μ(A) < 1 < μ(B) < ∞.
Suppose that ϕ,ϕi,ψ,ψi : (0,∞) → (0,∞) for i = 1, . . . ,n, n 2, are bijective functions, ψ is strictly increasing, and
n∑
i=1
ψi ◦ ϕi(ti)ψ ◦ ϕ
(
n∑
i=1
ti
)
, t1, . . . , tn > 0. (12)
Then
Pϕ,ψ
(
n∑
i=1
xi
)

n∑
i=1
Pϕi ,ψi (xi), xi ∈ S+, i = 1, . . . ,n,
if, and only if, there is a real p  1 such that
ϕ(t)
ϕ(1)
= ϕi(t)
ϕi(1)
= t p, ψ(t)
ψ(1)
= ψi(t)
ψi(1)
= t1/p, i = 1, . . . ,n, t > 0,
and
ψ(1)
[
ϕ(1)
]1/p = ψi(1)[ϕi(1)]1/p, i = 1, . . . ,n.
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quence of Theorem 1.
To show this take arbitrarily j,k ∈ {1, . . . ,n}, j = k. Without any loss of generality we can assume that j = 1 and k = 2.
Taking in (12) s := t j, t = tk, ti = 0 for j = i = k, we get
ψ j ◦ ϕ j(s) + ψk ◦ ϕk(t)ψ ◦ ϕ(s + t), s, t > 0.
Taking x j := x, xk := y for x,y ∈ S+(A, B) and xi = 0 for j = i = k, we get
Pϕ,ψ (x+ y) Pϕ j ,ψ j (x) + Pϕk,ψk (y), x,y ∈ S+(A, B).
By Theorem 1, there is a real p  1 such that, for all t > 0,
ϕ(t)
ϕ(1)
= ϕ j(t)
ϕ j(1)
= ϕk(t)
ϕk(1)
= t p, ψ(t)
ψ(1)
= ψ j(t)
ψ j(1)
= ψk(t)
ψk(1)
= t1/p,
and
ψ(1)
[
ϕ(1)
]1/p = ψ j(1)[ϕ j(1)]1/p, ψ(1)[ϕ(1)]1/p = ψk(1)[ϕk(1)]1/p .
Corollary 2. Let (Ω,Σ,μ) be a measure space with two sets A, B ∈ Σ satisfying condition (1), and let n ∈ N, n 2 be ﬁxed. Suppose
that ϕ,ψ : (0,∞) → (0,∞) are bijective functions, limt→0+ ψ(t) = 0, and ψ ◦ ϕ is superadditive, i.e.
ψ
(
ϕ(s)
)+ ψ(ϕ(t))ψ(ϕ(s + t)), s, t > 0.
Then
Pϕ,ψ
(
n∑
i=1
xi
)

n∑
i=1
Pϕ,ψ(xi), xi ∈ S+, i = 1, . . . ,n,
if, and only if, there is a real p  1 such that
ϕ(t) = ϕ(1)t p, ψ(t) = ψ(1)t1/p, t > 0.
Proof. For x1, x2 > 0, the functions x := x1χA, y := x2χB\A belong to S+. Setting x1 = x, x2 = y, xi = 0 for i = 3, . . . ,n, in
the assumed inequality, we get
ψ
(
aϕ(x1) + bϕ(x2)
)= Pϕ,ψ (x+ y)
 Pϕ,ψ (x) + Pϕ,ψ(y) = ψ
(
aϕ(x1)
)+ ψ(bϕ(x2))
for all x1, x2 > 0. Taking here x1 := ϕ−1( sa ), x2 := ϕ−1( tb ), where s, t > 0, we obtain
ψ(s + t)ψ(s) + ψ(t), s, t > 0.
Since ψ is one-to-one and limt→0 ψ(t) = 0, Lemma 3 implies that ψ is an increasing homeomorphism of (0,∞). Now we
can apply Theorem 1. 
4. The reversed inequality
Remark 3. The functional Pϕ,ψ is superadditive on the linear space S, i.e.
Pϕ,ψ (x+ y) Pϕ,ψ (x) + Pϕ,ψ(y), x,y ∈ S,
iff the underlying measure space (Ω,Σ,μ) satisﬁes the following condition:
for every A ∈ Σ, either μ(A) = 0 or μ(A) = ∞.
In fact, if there were a set A ∈ Σ such that 0 < μ(A) < ∞, then for x := χA and y := −x we would get
0 = Pϕ,ψ(0) = Pϕ,ψ (x+ y) Pϕ,ψ (x) + Pϕ,ψ (−x) > 0.
Thus the problem of the global superadditivity of Pϕ,ψ trivializes. Nevertheless the superadditivity of Pϕ,ψ in S+ be-
comes interesting. The following converse of the accompanying Minkowski inequality holds true.
322 J. Matkowski / J. Math. Anal. Appl. 348 (2008) 315–323Theorem 4. Let (Ω,Σ,μ) be a measure space with two sets A, B ∈ Σ satisfying condition (1). Suppose that ϕ,ϕi,ψ,ψi:
(0,∞) → (0,∞) for i = 1, . . . ,n, n 2, are bijective functions, ψ is strictly increasing, and
n∑
i=1
ψi ◦ ϕi(ti)ψ ◦ ϕ
(
n∑
i=1
ti
)
, t1, . . . , tn > 0.
Then
Pϕ,ψ
(
n∑
i=1
xi
)

n∑
i=1
Pϕi ,ψi (xi), xi ∈ S+, i = 1, . . . ,n,
if, and only if, there is a real p ∈ (0,1) such that
ϕ(t)
ϕ(1)
= ϕi(t)
ϕi(1)
= t p, ψ(t)
ψ(1)
= ψi(t)
ψi(1)
= t1/p, i = 1, . . . ,n, t > 0,
and
ψ(1)
[
ϕ(1)
]1/p = ψi(1)[ϕi(1)]1/p, i = 1, . . . ,n.
Since the proof is analogous to that of Theorem 1, we omit it.
It is interesting that in the counterpart of Corollary 2, the regularity of ψ can be completely omitted. Namely, we have
the following
Corollary 3. Let (Ω,Σ,μ) be a measure space with two sets A, B ∈ Σ satisfying the condition (1) and let n ∈ N, n  2 be ﬁxed.
Suppose that ϕ,ψ : (0,∞) → (0,∞) are bijective functions, and ψ ◦ ϕ is superadditive, i.e.
ψ
(
ϕ(s)
)+ ψ(ϕ(t))ψ(ϕ(s + t)), s, t > 0.
Then
Pϕ,ψ
(
n∑
i=1
xi
)

n∑
i=1
Pϕ,ψ (xi), xi ∈ S+, i = 1, . . . ,n,
if, and only if, there is a p ∈ (0,1) such that
ϕ(t) = ϕ(1)t p, ψ(t) = ψ(1)t1/p, t > 0.
Proof. For x1, x2 > 0, the functions x := x1χA, y := x2χB\A belong to S+. Setting x1 = x, x2 = y, xi = 0 for i = 3, . . . ,n, in
the assumed inequality, we get
ψ
(
aϕ(x1) + bϕ(x2)
)= Pϕ,ψ (x+ y)
 Pϕ,ψ (x) + Pϕ,ψ (y) = ψ
(
aϕ(x1)
)+ ψ(bϕ(x2)),
for all x1, x2 > 0. Taking x1 := ϕ−1( sa ), x2 := ϕ−1( tb ) we obtain
ψ(s + t)ψ(s) + ψ(t), s, t > 0.
Thus ψ is superadditive and, consequently, it is strictly monotonic. Now the result follows from Theorem 4. 
5. Remark on the basic assumption
The assumption of the underlying measure space (Ω,Σ,μ) in all the results is indispensable because in each of the
cases:
(I) for every A ∈ Σ , we have μ(A) = 0 or μ(A) 1;
(II) for every A ∈ Σ , we have μ(A) 1 or μ(A) = ∞,
there are large classes of non-power bijective functions ϕ : (0,∞) → (0,∞) such that Pϕ,ϕ−1 is subadditive in S or super-
additive in S+ (cf. Mulholland [10], also [4,6]).
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